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TWO POINTS TO TWO POINTS (Continied)
. . s . . o . ‘ .

It you wrote '

'
..
L
1
1.
' )
SN
)
L}
2, -
»
3.
[ .
] 4

W rite a rule:

 Write a ryle:

R j_' BOQKIHFTEENI

= J R
N T

4

You know that .[) ‘r——>. 3X {1 takc

. R o e
\Y”. | ’*f“?.

Write a rule:
'START ~ LAND N

. e ’ . ’ ’ :

5 —— 18 C

¢ P
7 —> 24

*

3 X (L)+ 1), you were correct, However, there is a

simpler and, m the present context, more helpful way to write the
rules " —> 3 x0 + 3 ' R

P ‘ o R

Write a rule:

' START - LAND
‘.:-5 |

7 ————> 27

> 21

. | - E S
'~ START LAND = .
N 5 —> 0 B

YSTART®

5

you fxom 5 to 15 and from 7 to 21,
Flow could you uhangc' thls rulc 50 that 5 —> 16 and/? —> 32 ?

1
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' Starti-ﬁg
~Points

; '_L‘andi,ﬁg'_‘
- Points -

—

X + minus
2nd Starting pt:
L .. R )

1st Starting pt.

| 18t Landing pt.

‘minus

y

2nd Landing pt.

*

7w

18 .

1o — O xs"*f“_'.-

226
191

T




.- r | w_] _:_3 is the Ba.rﬁe ru_l
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Starting .
‘Points

118t
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1 2

Starting pt.

‘ tartlng Pt-.
¢ :

lst Landing pt.

minus

2nd Landing pt. |

f..
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300
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150

-
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o L. " -;‘:"l"'-.":;'_; Ina student' s words, what,i 1s a general p1 0cedure for flntlmg a rule that
' tdkt s you from two- g1ven atartln!, pomts on a number lme to. two g1Ven )
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Ao%2.  Writea rule: T
' ' O N—

"START - CLAND. ~ .-

' 11 '——"——9 10 . L
A7 m> 30 o | | ST

II. COMPOSITION | \ E
P . ‘o,
. a ) . ‘ o .' ) v o . ", -

Occasionally an incident like, the following will occur in a classroom:

»

B -' Tg-a‘chef.: _ Start at 5 and make one Jump with the rule : ' (

-Stﬁdeﬁt'"(thi_n ng a loud)

, Well, 3 tlmes 5 i8 15, SO f1rst you land on
s - ~ _15, Then 15 minus 4 is 11, ,So if you start = |
( - S v \. oG you land on/ll . : ) o N

[N . N
Y

- N , )
1% Co Thc answer 11 is right, of course, buzlthls Jump never involved landing on 15
If one were to draw a plcture of this juMp, one would draw : :

- .
W = e '
» and not . o
" 1 b : - : )

v 01 2.3 4 5 6 7 8 9 10 11 1213 14 15

0 . . .
. . he . A




and

A}

I3

If one were to use each of the rules

-

a

‘v—_ﬁ. ..

ab

> -

3x

3,X

1

3 X

4.

- 4

4

If we label the't'wv.o: simpler :rdes a-and b like this:.

« . one right after the other, the reSultVskLYg'same as using just once the rule

. then it makes sense to call the more complicated rule ab :

-~

. The number lines below. $how the same jumps 'we_ had before.

On the mhe.r hand the child who draws the two arrgws ‘has sensed a very e -
portant thlng. oo .

N Y
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. n . 1¢ Ifrules crand d are. . . - 7 T ST B ‘
¢ ' - * . . sa e -
c . ’ . »
—vn——v——) 7 )S ‘ . , i
LI 7 . . L} ‘
. l..: K N . ) ] ) .
h . d " 1 .
_ﬂb + 8-— " . ]
’ - 2 -
Wy - . -t . ’
’ \(} ) .'A -. I . '
write a slngle rule alled cd-) which has the same effect as using first
“rule ¢ and then rule*:)d . S ' ' I
St T L i ‘ PR ey - .o
B o ,4 - .
K s . cd __.
N o .. 4 iy K ;
3 1 . . : . 4
C’_ :) Q l' \ ).: @ :O o ¢ b . 1""' . ) N i
4 sy " e s Ao )
S e e 2T vy
e 9 ¢ .O ) N .

R T ) Start at 2. and make one Jump with rule c. Where do you 1‘a'nd?'

C Startm@ at, t;h1s new number make one Jump usmg rule d. Whene do you :
mllj' o 'b.-u,. PN - _ , .
) / P v, s ) . ' . .. 4 - .,
e TN g . land? . Co C o ) . : -
' J. .. 3 L o = . - - - . . i )
g AR -.‘ P S T o . .
1 v o ‘} - K - . ; .
t’_. 5 : . .‘\ - ;O

c\ Tra v ,,.Now make otie Jump w1th your i'ule cd sﬁlrtlng back at 2 Where do y

land ? "

(.Your la_s_t two answers should be the same. )

..l . . Y
~ Use the indi¢ated r_ules%/f.il_l in the blanks




B ouinah N

| 2 Rules e and f are .. ©oof

D : . ’ ' T . . : .- ] ¢

L4 T Write rule éf_.: S i _' SRR Lo o

*a
A

-~

' v - As a ,ch.e'c_k,' try a number in Wedge:'

S . " "% The same? . _ -
. ef RIS o v

v
’ .

"(Often one .test.»nmb-er and iﬁ'sight will convince you beyond doubt. Other-
wise test with moxje_st"ar._ting' numbe_x_'s. You should be’ sure your proposed rule -

"",- . - - .

v . ~'works for all starting numbers. ).

L4




_ - -landmg, pomts o o R . gh . . v &
. o . \. Lo .

."I.f"ylour rulé".‘gh were'

- same as. multlplyrng it by

. B .
L S AT . ’ e ¢

.
¢ ]

~
<

wedges,

o Compute ﬂle num—} 1, - = . :
. "ber for cloud using, rul R _ h - R
, B € g PR . —> . .
Put the same number in both - J v e —

“.-The.
,s_ame?.a

clouds.” Find the 1n&1¢ated

'If yougot' O —>. 5x00, for rule gh , you have the most li'iﬁgly wrong

answer, and‘this paragraph is for you. Tﬁy's’tarting at’ 5, for example,

Lm‘lnowcompute _‘_'. o ‘ , ‘/
——h——> 30

-

b and 1B

But it doesn t; it takes y \to 25 1nstead

Can you fix it? Rule gh is 'the

same as f1rst tr1pl1ng an .mbe‘r and then doubllng t};_r/egft.: This is the =
‘Rule. gh is O ~ x0O. Check"

-

-_—

your answer on page" 1_0-,

1ck one number for both .. . ‘ e :
- 4 . - : d e

You -
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5.  New rules:

C

(Hint:

[
Y
_— "
.'.
.
) .. LS
o .
. L] o e
P 3
N,
. & PR

i)

LY

o

o z
}6.

'I.A

..
st

/
N o
0
X
s N 1
* .4 ;
e ]
.. o

Thvrulo ccl is not 1 —> 2 X0 + 3,nor151t D—-> 3>&1:1+3 )

she ck yqur res ult w1th one or more numb(,rs as before.

-
e
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L
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L

. . _QShe_.ck your rule with one or more - numbers. L o % e
' S I : ' . R R e '
. .o N v .‘ . N o : "‘n.' . ) o

R . PR Y ‘ ._..'
. . : L . Joe
B - ) . v . . - - B
. .
. . ' . Lo L - . . N
B - P B L . : . B
. ’ - . L . .
. - N . 0 B L ;
. . . . RN ) ]
l.‘. '

3

S (Note that rule. dc is v.efy diffefe-nt £ro:rrfl\.;ju1e, Cd,,y If in. doubt: ch_eck-bo'th' . ' ”"'F_
_— : rules,) T e o o '

PN
e . -

- .

»
" &%
IS a T
.
:
B
T
M

+ Ne & ' t e

h' Mg .

. . ’ . o | .l. . ’ .'.. -’.: ’ . . | | "
 Answer fo} page 8: Rule gh is [0 —> .6 XJD'. . AP




p;ob.lem of flndlng .a,.rule with these Jumps. .o - . .

Cam

. : " .. N
] RN
- . 1‘;--‘ . . ) ’ b ) Tl e , o " . . . ’ .
T S EEiloﬁue- RS ‘
; . ) e % . , . | ,‘ . '» ! t D ’ | / ]

Gu may have wondured whether there is always only one rule whlch takes.

two glven po‘mts to two given points, To answer this question. consnder the

T ’ S o
. .h : .. / _ -~ START . - LAND- e ,..-'__ . ‘ e

ke
. . . . . .. .

R

However, therc is a hbr way; .of showmg startlng and lay d1ng numbers. :
we place a dot 1 unit above 4.on "

-1 we want to show the Jump from 4 to 1,
y .

the n_urnber__h-ne.. Soinstead of drawing 4 PR S

Commeem




. :,d

R

[N

To make it easier to put the dot at the carrect height we make a‘vertical number

.

. line through zero and draw lighter lines vertically and~horizqﬁa11y as guides:
[ f L., : . . . [ : . '

[ ]
. dndmg
Numbvr

FT. 9

- / : ¢ .
. : .
.

oA oot g

W

q..,

al

< 3

g e

iu»-fc
b’
]

Starting

_1.'p Number .

” 1‘- -‘ -1‘

S EE

CFig. 1

¥

&

”Ihc single dot in Flsure 1 stands for the jump from 4 to 1, L '

| t [‘hc next plcture shows the points (4,1) and (8 9) marked

he two _]umps that we want our rulS to have.-

They show

" ) ) + \‘u ‘j\:: ’ '
. . “ r —
< Landing _ o A
- ! & ¢« Number . '
’ N 4 bt !
. * ' "\"
! .
N t
Starting
) N#mber
‘ !
n\;
' +
] . i
Ay QN.
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. .. . . te :

. . L : , : .« .
S Geometry tells ug ’Z\at through two given pomtsT)Fe‘/and only one stra1ght | SR

v +

line can be drawn, Draw the ane line’ that joing the two dots in F1$ure 2,

- . That line depicts many ' jumps with the rule 1 —> 2XU1.= 7 .- The fact

L that thore is only one lind through the two points te]ls us that. thcre is only one

\ S _
Rules in which [] is *rnultlphed by (X always have curveg somethmg like

A

XA linear rule is oné that can be written in the form 0 > axO + b
A you may have guessed, ‘the graph of-a« ..

)y

A

[\4

. where a and b are.numbers,
linear rule is a Straight line,

L

RN
[
-

L3

r

i

p;:‘ﬁ!;'
e

.:ﬁt

{

cated You need not be, concerned)with such rule‘g, rygw

A
LTt

-

A

P A

~the one above. . When a rule involves DX D'[’J‘ ,} the curve ‘gets more COmpli- .

kt‘war rule that has jumps from 4 to 1 ‘and from 8 to 9. o »
_ ' coead
‘The number plane may help you $o imagine that there mayﬂbe other more =~ = .
[ J _ L . . .
omplicated rules which have the two 1equ1red jumps. The next pi’cture‘/show's
’ umps with the rule (1 --—-> DX 3 - 10X0O + 25, (Thl,s is not a linear
rule bu ausb ot t;he wuxo.,) I you test. thls'i-ule you will f;énd that 4 —> 1 )
Landing.,: . ) !
£t e ( - . o~ Number ' A et e —
il 711l \ AU -
L] b ‘ '
T o * Y (9]
e —. -~ 44} e \ I o ) .
. ___M:'_ . ] > \ } [ G s
. . [ I | \ . [ R oW
VO 3 T TV '
X : [ O § : <.
DL N T/ &
B ol . \ R
% H N ] Starting .
. B 0 O A O . 0 | P I b Number
e -1 ~~;—~L~—~— 3 - ¥ :
( ~—4 ~‘~$~—-—1 R TSR ——t e — ,A»Tr-w-«»w—l»——ﬁ ‘ ]
< - R ‘_J . 7.A ~‘.{- ........... ,‘.,.‘ ' “5_:‘_,( I . M
+ - +5 : o
. Fig. 3
. ’ . - By
e l ’
ve, 5 ¥



: i B L . Summary of roblems in the Film = | - : * ..,
o L B . "R‘ules ing Tl o Points" 1
. \ . . .
. ° L
: ' 5th-Grade,. Jamea Russell Lowell School Watertown, Massa‘chusetts
- R4 'Ieacher‘ David A. Page R | By
" “. . ' ‘u‘: : . ‘l ’ ‘ ‘_‘ .-
L “Note: This summary includes the relevant section of the precedmg day'sg class. :
.- and all the problems given durin the filmed class. ‘Sections that. appear here
: in dotted boxes are thoge whu.h ire not 1nc1ud%d in’the film. ~
~ .‘ ~ - . . ! . » ' \'
. r'-h‘a---~~'--~-‘~:'.-"-J—“---r--'--?-—-v-—'---.- ------- '----—-:‘-h;---. wwwwwww .--."-'----.---.' ------- _-‘-‘:-_~--\
._ | : ) \‘ | . o R . . , . . . 5 ) R - : . . Ly ) . .. E
" w:-:r#.#)&::x:':r_*."_:..:::j':::_:,L:::-:
S =5 -4 -3.2-1 0 1 2 3 4 5 6 7 9 1011 12 13 14151617 18 19 20 21 |
: ~ . . . : . :
' ’ - [}
T T Now we''re &,oing to take both of these x's, use one number‘line rule, - YT
- | jump them to a new lpgatlon, and find out’ how far apart they are then. s
e ]
' \ _ . :
| . ] .
4 * How far between.thc x7s? B ~ .+ {3 units) _ ; ' _ E
| ' Here's a rule: > 4 X0, . | LT P -»E,
DO T ' . , . v i : o - . . . .
’ : . What happens tp 1 using th_is,\rule? (1 goes tq 4, so the rule is, \ E
a0 ' .discarded as confusing) E
.,: L . . i v -' : s L, : :
\ . . : _ ’ A o,
1 Change rule to H ——--> 5 X0 - _ L ' o :
. , " Lo . o
. What happens to 1 w1th th}s rule? - (Lands at 5 ). " e~ . v
\ [ \ ’ , o ' [}
. ' What, happens to 4 72 7 ‘ !
R V- . - . . - . C . ]
N t ,How far betwe'en 1 and 4 °? (3 units) . :
' . . ) . : , "‘ ' .
N © How far between 5 and. 20 ? L NN .
»:' - < b - - o S . _ (R
1~ New rule' (] = 2 X [ o . B SR v !
' : : o ' '
E What happena if we put l in rule b ? (Gq to 2) :
N - )
<y . _. , ‘ T . .'4, ' '
: What happens to 4 2 - , s D
| - ) © [y $or
...r. ] i . - . - :
v ! How far:from 2 to .8 P o (6 units) '
i , ) : ¢ ¢ '
' ! e : ' ” . '
N ' ) . . : ]
!~ Using the rule 1 —>. RS how far apart do you predict the landmg :
! points will be? - . ‘ . (9 units) E
:.---‘.----: -------- “amceeme- -_-.-'-_'-.'.-'_"‘--;--;‘--L.---‘--‘ " - \ ------ e ehme .o ol




| ] e
;:.-,.,3\ o
. .
\‘Ncw ru.lc' rra-"-‘-*»”z'x"r'l - S e
‘- | Put 5 through tha.t rule, where does. it go? __.'('1.0)__ -;K : ,' '.  |
LPut 9 through the ru],e, where does 1t go? o ( ‘
‘How far between 5 and 9 ? v SN -W..
How, 2T between 10 and. 18 7 |
O 3 . v i
Give a ru_l'c ‘b that w111 glve landmg points 12 um.ts apart when k\;/.e ' b
start with 5 and 9 . . T ." (Answer' n ——> 3 X E]) IR ‘
) Put 5 in th1s rule where does 1t go? R -;_, . ':_ § lx .' "';T'l«'
Put 9. in th1s rulq., o R *”,' o ‘ 0. | ' .,\ .
” Y How far 1:: 1t betw‘een 15 and 2.'.7 ? - ' L‘Q},’ .
Now geta rule using 5% qnd/9 0 that the landing pomts w111 be '
2 units apgrt ; q' « (Two ar:swers: O -——9% , 0O — d -2- X, o)y o .
Put 5 ln I_'ule c , ladd? A . | ST
" Pyt 9 _ ih rule c, vtfhat'db you get? (\ . oL - S
.‘ ‘How: far betwéen 2-\% and 4-;- L - - . o
. SR Using-rle. d ',.' whet‘e dple"s 5 go? . ( Z%) . - . ) SRR
o | Get a-rule that keeps the two points four urits apart and makes them & ' ' |
N bothonegatWe. ~(”Any number mmusing above 10, e, 8 O —> D - '11‘_)-

e Usmg the rule D > lJ - ll ) ,gtartmg at 5 what happens? o
. _ s L g L »\\ (Land e.t 6) - _ Lo
Where do you gb starting at 9 ?, ' . (=2) Y

: " . ) . :
N N . " N Y - . ) - . .
4 o . ) L R e . . . _.
. . nw v . : ' P
. N N . - Lo . t




R N - ‘,_' \ A IR “ . . I"a‘_. T » o "’ ) ) R _.(» .\ ._ .
. New rule L] ——> '3'XH - lO A SR 50 SRR, AN
Predu.t what thls ,ule is going to du. ' o 3 o .
' JSome pre(llctwns "Every twd pomts that you put in : :
- . \/ end up two units apart., " "That's nat true, because there '
Qs a standst111 “point and that's no un1ts apart 0 IR e
What is the standstill pomt’ '(5) . ' o R
) ' L ' AR
RIEES Usm,,, 5 and 8 for. the' two points, where does, 5V go? = (5) ‘
.- | . \ ’ . . . . . _‘ . . - R .; ‘. . - | - | | } ‘J
R ) Where does 8 god (14)} . S e ‘\
d“ How fax noﬁx 5 to. 14 ¢ ™ W . . e
B g tHow far fror#..’) to. 8? o o B e ‘ SRR
If we pu.ked two other points, what do you thmk would happen" B
Try 15 and 20, How far apart are 1p and 30 7 N
L ' ‘ . (5 unifs): a
- ' ' ' ., . o .o
. ~Put 15 in thc rule, - where does it go? : (35) ..
. " Put ZO in the rule, where does 1t go" b (50) ¢ \ o
.. How far epar.;'a;e 35 and 50.? R (15 units) . . - )/‘"
What is Ahappening?'* S  : . ey
‘ : ' | ~ "Every answeg wilk come out an odd |
\-__ L e .. . . ' . number, From 15 to 20 is five and
S e - at's an odd number; and 5. to 14 1s -
| S o nine units and that's an odd number.
"You mean if we'start out at an odd e ' '
number for the distande, we end up with _
an odd number for 'the d1stance? Is he “ ' .o 3
, right, Janet?' . ) - |
: o oo "Yes, and if ygu put in an even number,
- . ' v it will come out to be an even number, '
"Do you believe that, Andrea?" . ' : o »-
a L T L "I have my own solution: 5 to 8 is = =
. ‘4 three units apart and when you dlﬂ the
' whole rule, the number of units. Be-
o " tween the 2 points was 3 times the
" .t - ' three [ujuts], and that was nine units,
ot ~.. .. and that's what happened, With the
. _ ety ) 15 and 20, .15 ‘went to' 45 subtract -
S B - "107is 35, 20 wen‘t to- 50 and theén—— -
\ T T ‘that 15 and 20 were five units, apart
, .o "_and five times 3'is fifteen [units),
B N . That's how you get hqw many units
\ : T they will be apart,"
- o | . VA_.“,- ' - \‘\A' o . ..‘ ‘f‘ . 1,\"-)‘ o ’ s ' ’ : o,
S RS ’ o~ . !




Change the rule a 11tt1¢ bit 8o f.hat 1f we start out with 5 and 8 , we end S t, ot
up with pomts 9 umts a.part but one. of the pomts is 0 R “;- \ t |
] L _‘ v, (Wrong ansWer of D°——> 2 X[ - 10 E | "
o R . 9, . . .
AT . - o o ‘Correct answer; E'J(-——> 3 XD - 1.5),
. ' ) ‘ ,
o W1th the rule l‘fl —> 3 %[ - 15,. 5. ngs ..to 0 .’Ma/k_e'up'.anotHer \
s rfule S0 that 8 is the one Lhat goesto 0, . . o - ' /'f o 4
ST _ s . < 2 f? PR 3X. 0 . »
T R S (Wrong answers' D —> 3&? + 15' * E] -—> 3 -8 7
- " e , Correct answ%r D ~—> 3 X 0 - 24) S -:;:,, -1 .
¢ Yy - .
Usmg thé rule. D’-——> 3 X D - 24 ) whett’e does 5 go‘? j (=9). C o
. v Wherc docb\8 go? . - : IR o
o .";‘ o . L l( ’ ;)' MU - : 'r'.._
: -.How far..apart are 0 and 9 72, e
. "‘. .l. \. | 4 f\_” ) .“_‘. . ) .'f . ",\ B ‘.'_ ,)\ . \ '
ot .' . ’ Iz ’ : E P . ‘
3 Now,t«he, starting poin}s are 0 and 1. erte Hown a xule that gets la.ndmg
pomtb that are, 6 unlts apart an&l one.of them is lO | ‘ , Ca
| "/ : (»Answer'Dr':-—>6X[E]+’4) \
S ' . S
¥ Using. thlb rule, what happené to O 2 _La_nds at jl")f
~ What happenb to l s e o
. How far dpart are/ 4 and 10 ? E .' A T -
“« 'What i: the other rule that. does it? o e [:l——--> '6'% + 10 ) e
- ' Put l_ in this. rule »\\shat happcns'?" (Lands at 16, ) '_ o -
- : 'wa far apart are »10 and- 16 7 ' N
- . [ . } v v
,' Now the two startmg pomts are 2 and 6, and the two landmg pomts are o
°_ 4 and 20, Make up a rule tha.t w111 get you from the two startmg points " .
,(L‘U\t{le two landing points, ' o :
’s“ '
T ST S . L .8 L
" F*L¢¢¥¢ ST N g T —t e
01234567879 1{11 213416789 D A,
B : o . b' ! } N
."‘"‘"""“‘P“"_“"“‘\‘-“-"'“-”““f?f‘"',“_‘_"‘ s -‘--“---"f---—-'-f'*'--'-“*'-r----_-{ )
) e b . . . . . . . . . . . Y
' o B ; < (Ans D 4X0 -.4) "
e 7’ A ]
! ' - ' LA
o Usmg [J — 4>§C] - 4, let's try 2, . g
A o ‘ < 5 L , . T
': ‘ What about 6? . . o »‘ S ' - o
4 “Now find the_ rule that will take you from 2 to 20 and 6 to 4, SRR
' . ) o ) . " . ] . Y
i I




4 .

S uppl ement .

T

. \cdmples of Questmns Detlmg W.1th ﬂ ———> r'l *% 0 ..1
W ! - = I *
|‘.' - : 8 . ' .
' : ’ ’ ) . ‘ “ ..
) . . .In arecent Written lesson youwere asked to write a sequence of
: . 'questions introau-cing‘the rule [ —> 0O X 0O, We thought you mlght
e o bo mterested m seeing some ways th1s uest1on ‘has been answered b :
. g y q y
o _.' " others. B R R
. "Ihe tlrst four of thege examples were wr1tten by part1c1pants in -
”"A\'.,'J._',;- an institute such as yoa—ps The remaining four are the 1nd1v1dual re-
| sponses of four Ar1thmet1c Project staff members.. The var1et¥ of | .
. . ,
"p0331b1e styles in approachlng such a que’stlon 1s partlcularly noteworthy;
‘—’:*---~———~ ~-'Inst1ttxte—partrctpant;s work- h&s—been—reby-ped—for—e}a—rrw
o most cases the1r notation has not been altered. You may f1nd tha some o -
ways of writing questlons* and answers seem clearer tha.n others. Whe}'e )
. errors occurred the corrector 8 comments are 1nc'luded in a footnote.-
N -
N .
v L
, - A
- . | . L :
- '1 : -
. . 0 * "A-.S-J,\.\ ‘ ; . : \;ﬂ("':
[} . oo ' - ., E
. < - T . & e
v : S * .
t ’ i ' "A ) ’ :\. ' 4
) " - o XY
” > S . - )
( < . -
X . 7 21 -
o o S o . .




SRR

.you can't land on at all? What about stan(jstls points'ﬁ

_‘ c e - .

Assume you teac a fifth or,sixth grade, and you have worked with prob-— :

“lems involving the mul lication of fiegatives (i.e., your clasg has done such
things as -4X-4 = 16), A T . r, 4
- Now congider-the rule - , . o N L4 - v

- erte 10 or more speuflc q\%stlons or problems,(arnd give the answers) that o >

you ml;.,ht use to enable your students to- make’ séme generalizations about th]S _

" rule.” You want them to find out such thmgs as these',,From what starting .

points-do jumps with this rule go to the. right? -“To the left? Are there reglons

) t',l-
[

A

SAMPLE A

:“k . | . - , .
‘ _ s . -~ » Using abovesrule: - o -

: — ' e S o . S
131 ‘ > .3 X 3 - goes to the right- " 1T, Any negative number or
L e o I '-'any pos1t1ve number greater .
S R <4 - 't ¢ .~ than 'l when multiplied by
AN i - R .1tself—_]ump1ng rule goes toc- -
\/- 8 ; T ? 8 X g < It “." " oo rlght {\\/ K B

- o +ed A | . S
¢ S A D B v ‘ » o
,_y '-"-_'r: ety - y X *Y " (R " Q i e
) . . N - N . \
+/76 Co% M/ . ’ . ¢ | . |
., )
1Y ——> |- x |- SR ,
...7 e =Tl x .'.7 oo " A
1=l > =, SX _-{ S . An; u A 2. =1 goes to the right.
T o T~ ... _+1 standstills Alsc 0.
: ' ¢ R . o ‘ . / .
+\/ | — i+ | X+ /1 Standstill (Also A ,

trv others.) “




©. SAMPI(E A,

-y

e

continued

| «

Vai

-

\Q

. ‘goes to the left .

L)

. .go to the right, -

3. Positive fractions go to

‘the left, negative fractions

A IR

4, _Ur‘laﬂl'e to land in negati.{,_e .
regions because — X'=- = +

-

a\ -



SAMPLE ‘B

@ W

&
— . .
RERSERY

a

10,

<€

-1
SV N
.-5-'
<20

| Using this rule w111 we ever go to the left on 'the nur’lber hne'? (No)"'< -

- Can you change the rule S0 1t would ‘be pos s1ble to land on —25 P

,' '

‘/5 > 5’85 = 25 N

-1 X | .
s —4 X 4 s .16 e R
E———> 5 X -5 = T e R
.t 20 X -Z(ﬁ 400 . ._.. SN

. . . te
e . 1. . . . . X .

o E s . . e ‘--\

. : .

- Can we ever land orr =25 .with thls rule? Why or why not" RN ';-f__

| B
(No. Because a negatwe t1mes &, negatwe
glves a pos1t1ve ) PN

- N . M ’ : ’ B .
. e .
- s ° .. A

v

What dumber is a standstill point? ' '
(0 —> 0 X0 = O) Can there be any others" (NQ )T

R LY SIS

¥ e B s N

noo. - - - . . .
LT . . . . . . . R ‘
. v , ) _ . ) ?

=5 T -5 X 5 =" =25

" In what direction do we move using thls new rule and startmg at -5 ?

(Left, Show th1s on the number lme. ) E A ‘_ .

"In quEEtlon 7, try starting at-.

! The corrector wrote:

* Thevanswer to th1s ques‘hon 1s, of‘course, 1ncorrect.

A

The correctar wrote:
7: ' . SR ' '
=, etc. "' :

S

l
A PR
”’]‘?ryl.”




4 SAMPLE.

»

v
E

" Start

cr

~—

[ (‘
!

- ConsiderTthe rulg.
: . rc

..

on:the number line,

e

~and makg one jump

‘
N .

L

. ,U's__e_ the numbers. below

] -

‘Mark each’ starting' pl;é@ and each landing__ﬂ_la-ce

[N

wifh ach,

'_;"

..J.

-

- e ——t—t—t—
6 -5_'-4-3 -

=10 =9.«8 -7 =

14

X Thé"corﬁrector wrote: ''"This '_sv.h_c.)u_l_d be 0.' _.

[&]

. Land - -

At
1121314 .

-

2-1 01

O ¥
f—
f—y

4 |

L - ' L . o .t S T
. Lo f * ' . . ' ST
. ) . : o, e b : : E .
N . . . . N .. ) : .

) . . . . . ] , ) A
t . . e Lo . . ) - .
. . x . . .
. .
- R - . -t LA e

UL

...‘ N * : . LN
- !

Y

. .v . /,
.

i
C . -
. . - T
- . .
o -4
. . - - \
- N .
.
.




\ SAMPLE C, continued = »° =" ... e

G 'Questions: « 0 T S L e | o o
A, What numbers ‘tan be used in the rule to make jumps to the xright? =y
3 _'(All numbers YR o T o . “’ S . - .
i o . - . | ‘ ¢ ~ . '. a . * l
\3 B Who can name a startmg place that would allow us to move to the I
RN Aeft? (There are nonq.. ‘However,. try every number a chlld\mm_ght
_iglve )* ' " o S RS B " |

[y

N C.. "1 rom exammmg th‘e above Jump~problems, who can pame a stand- "
. . . . stlll polnt'? (1) '.‘ Ty - f"‘ i , Sl' - '.. o R l‘ . . ‘-
- ' __ D: .'Are"thei‘e'-any Other standstill points.?.. (YGS---)l 'Name them. (L

. o . R

v

‘ L T oo L. ) A e . ) . X . -
. . N . . . X - o ‘l-,.. . 3 L ) - - .
» .

and B are _incorrefﬁ The co_ri'ec't-orvv{)r.ote:. “I].'ry =

— : | *The answera to

. . .and other fractxons. o ' g




- e e

. . ' . | ..”.' . | .‘.“
| } . . ? S . ‘ /,-‘.( | 3 ‘
' g *3 — _:.3 “X ~3 = Ci oo .4. T !
) ! I | - ! X f- Ll - _ ’ " . :l '
2 BEmad Ik IO A 2 _ )
- . -“ - . e .."‘ . IA‘\' ‘ o l - 1' . l»_ N A . . ‘ : : N . . .
o e z v—T-——) I =0 V\(e n)oye.to,_th_e S .
IR . It would seent -that all startmg places ngke us ,mzove to the rlght except
- _lpOSLtLVC fractions © W Do , P
R ¥ _s'threl\wl_l you land? o ;. B o .
.i. .. . '\;r_,n ) -- Y ‘n. ) 7. . o 'Start ._. . .- ,
. . A e o ¥ *
T / . . . L . v , ' ’
R e e -3 . \ » ‘e
L ‘ e S . 'm‘x ..‘l —z . L . ) .
. o P . - v" J— \._1 | -
. ” 1 . 3 .: b N\ -
: s
) ¢ ) ’ .l 3 )
" . -( S _~ P ' "y L. . © ' . . s !
Lt Where does the pattern change? (Startmg pon%s from 1 to =1.)
oA ‘
‘ LT ‘Can you find a starung place where we will have to land rlght back on
Ly , ~ the%same. numb(-r? (0) Isg there“another? ( 1) Why not -17 -(We,
: o 3 “%wouid gct a posrtlve‘ answer,) e . - '
S L 4 ’ -~ L 3
3, Where will T have to'sfart to land'ohl' - ,J S o
. : ’ e * v : [ » . * X .
o 52 . .. (NB or Wb ) : : .
S ("1 or -1 ) _—
S b 07 ] ( 0, & . ) ‘
s, SOl LY TN
q ) ) : 2 T o .
\) _‘ . . 1 L] ‘ . '¢. ! e » . N é ibl ' ) ) X L Lo B “ [} . .
b =g (m,_,:.m ossible B . S
.. . “ ; ./" . C [ . ' - - ' b )
oL “(Neither a negatxve number sq\lared nor a/po,sltwe number aquared can e
g R poaaxblfglve a negariva answer‘_)_ . B T '
. ‘ ‘ " . : . ° ’ : LY .
"' u- 14 “



" \ |
. @ 7
'\- — -+ I e
fG‘S“I*J (3 Y 2345 Lo o 200 0 T2
‘ .5:. o Start at ‘3 Where do you ldnd’ (9) ' ‘ '. ‘
- | l-Smrt at ‘\4 Where do you land? (16)' 3 . "'-__- o . . ,
. 3 ) 3 l‘an’_d.c,d_.at 9, .Fin_-d another'stafting pla“ce so that 'you'l'al‘nd at 9. ,(-3)?:
. Where can we startto land on 1217 (M) o S .
,_Anothur plaw to start to Idnd on 121" (=11) 2 ‘ St
“ Where tan we start to 1a.nd on —4'? (You cannot land on -4) - 1
Why? - -(Because you can only land on pomtwe numbers .and zcro)
:: A k R Stalt a.t &*ZL . Where do you land? (6—) o ) oo T A
.‘" ;e If you start on, —4:1; , will t‘he jﬁm’p\be‘longer or shorfér than Zg-spaces ?
(Longer) How do you know? “(The jump: from —3 goes to 9 and the jump
\from -4 goes to 16, se the fartﬁer you go.down the lin'e the longer the
jump. S'Pnce the Jump from =4 is. ZO spaces the Jump from —4—;- will -
- be longer ) 4 _ ' o
i.' / . Whure wlll youlland.if yo'gs/tér’t at.f-_-4-i‘? ’(18‘:11—6- ) ]
’ \ 4. ¥ . . ' L
. All the jumps so far have gone to the right, - Find a place to start so
the jurup goes to the lef?t. (Any fraction be‘twéen 0 and 1) |
‘Where are ‘all the starting places so that we go tto 'thellef"t? (Any fractiohn'
between 0 and 1) e /. B Lo “ . o

.l,S't'urt at -é- and think of king lotg and lots of jumps. Hew many jumpg _

o wil"I. you have to make so Atha,t you land on 0?7 (You neVé“I:‘will land on 0. ')'




v SAMPLE‘ E._ continued

“ a N
L

.Wh(*ro Lan you sxart to land on 0" (0) | .' N L o
I'ind another s;andstlll point W) R T R

Is thore anothe r? (No)

Why" (Any negative number will land in the pos1t1ves. Any number blgger ’
th(m 1 tmws 1tsolf W111 bo bigger than 1tse11l ‘and any fract1on tlmes itgelf.

will be smallor ) e L

So the only stapdsfill points are 0 and 1, Can you change ¢! the rule by adthng_

or subtracting someéthing so the standstill points are —-1 and 2 ?

<

. ; } 4 '.'m . [ua ] .' 1\ } - ‘ /
e T S B A e 5
¢ ‘ l i A L . é '..1 / > N
- , T - Lokd L] L . ‘ 1
. h] -3 -7 -t o . 3,

'U*——->?"_-~"°:- _
D———Y ﬂ XD— 2\
If the qtandstill pomts are -& and 3‘, what 1s a rule’? ['l~—~> OX 0O - 6 .
‘ | ._'..t_I(ar}dS?_ [‘l-—?[‘JXD-ZO
I o ~99 and’ 100 7 [0 —-> [ X 0.=9, 900

B

N\




because they 11 all go right. DR

” Ct
!
ey frermeps
ST
<. Startat 3, Land: __ - (9) '
S ‘S,tart at 4, Land:‘ ) (16) ;0
;! Where else can yeu start to land on 167 C(=4)
Where can youirt to.land on 64? (8; -8) On 10 000? (100 --10
T Whe re can you rt to get a smaller Jump than any 80 far? )
-8 2, 2."—-) 4, That's only-2- spaces."
S: ~1. %1 —»1. And that's also 2 spaces@ . —
8 l'l . l-l- — 2—1- ( That's less than 2 spaces. '
T T2 4 B? .
. T: Can you fmd a standstlﬁ pomt? ', | o R |
'S: Also _l. L rool S '_ S R
‘T: 'So far, all jumps have gone to the'_right.. ‘G_an you find a starting pla.ce. )
_ 80 jumps go 'tq the left? o s . |
S:  No. Since thls rule multlplles numbers by themselves, you '11 either stand
still or get bigger. So you have to go up the lines ‘
:* “What happens if you start at "21-‘? |
-_/S: k-You'li‘get to 'i , and that goes b'ackw:a.rd‘:s.' .
T: Where else can you start to '"go backwards' ¥ ) "
. \\ . . R
1 1 "1 .
' . e _——p - Y : . .
5o Ty 3 (3 RN ST, :
1 1 16 7 S -' .
S Try 1-5. ( 175 — 5 v oF 16 , 8o that goes_,_.t.o the rignt.-) | | F\
Si. - hl."-Y‘ -‘-11- ( ’i -—-—> '-il-(-)- , 8o that's okay, )'1 ‘ | " | S o ‘ ‘
_ 1 , o
So._ TrY "“2 . | | ~. ; " . , .,
’ . Y 1 ' ‘ o ) .
8: No, that won't work because - -3 X --!- is goifg to be positive, and the
jumf:' will go right. In fact, we don't ha.ve to try any negative numbers
‘ R » '




.

.
v

671

It looks as 1f any cnumber between the atandst‘fi‘l pointe w111 do it, ,

. When you mﬁl-tiply a fraction be_twtaen' '0. _a'n.d" 1 ,by'-i,t's'e:_lf.. yol&'ll get a, '

.

smaller truttlon. . o .

nght ‘What do you, thmk will haplmen if we change the rule to:

'U—h-eux[jq»l

'N .
. .
5 R
. »
R .
L]
\ .
’ L3

. [

¢

.
) - <
e Lt

'
\ o
’ v
' . % ’ .
‘7
*
1
-_ ¥
[ &
,;/ " .
» .
. H
§
\ '
(A

. o s ', . ‘ R W o . ol
CSAMPLE B, con'tinu"e.d O ' . _\.‘ oo
" Where are all the placea you can start to get a jump that goes to the left? &'.
. ? .




‘ T
SAMPLE G
g , : The first time I 1ntroduced my class (6th graie) to thls rule I used .
rule a as [ =2 () x (1" and rule b ag, [} —r— o and we determmed <
. . v - .-
whi( h rule won for dxffe‘r nt starting numbers o
‘ . . . A | . ’ . . . B . . - .
.., Startat.10- 10. == 100 a wins .
o " e . 10 ——-—-—-—9_ '_ 10° > win o ey,
C§tartat -10, - lo2s 00 e
. .‘J__lo b _10‘ | a wins .
© \. ' - Where do they tie? ‘0 as first answer, then someone said, - .- ®
' ‘ " S 0 was the. only tie.: R . *
- Startat 2.0 2—2> 4 2 wins
¢ ) : 2 '—'-_'._9‘: 2 . . ’
: - /
Startat -1, = &1 ——z—a» L e .
“ . At this point someone sald a )ﬁvould always win except at 0, Someone D -‘
else said start at 1 ' ol —_*') 1 tie at 1 R ".J
. o > 1y Heatl - .
Can.anyone find a‘plaée where b will win? b - | ' o
. e 11 a1 .
. L‘ v 1 0 Bk — R - - > — ! R
' . .Suggcstmn 3, 3. 9 *a wins .
:'— -.—1. ——L}__-l .
3 3. -
\ N " *
\'_/\,. ‘r l a 1 : ] N
Then -— ' Z——9"§'g .
¢ o> 6 . b wing <
S 1 b1
.;‘ 5 . 6 - 6 . - .
LT 78 _ 49 4
Suggestion: 2— = — & 3 —2 5 °F 53' . o “
S . 3 3 ‘a wins “
: T b T or 2‘l | B .
. - . 3 " z 3 3
¢ p] ‘ . N . L)
N I'heh ~3— H b wins
; ) | ! A Y :
!
' ’




. g : Y

LAY

- ¢ . _. ’ Q
Generalization: b wins-for, every fraction between 0 and 1,

I4
v
”

L A6

SAMPLE G, continued' PR o~

Next'we'compared rules

- F]-——l—)—>‘2'>'<l:l~'

and, op another day,




"SbAMPlL H L aee

L) ‘ v

e (Note ~AllL Jumps would be. drawn on number 11ne R

: _sfar@at. 5 Make dns-'jump. L d.'?,'- . [34 ) ». R
.__' Sftart at 7. ‘Make one '.jurnp}:::d" - [49] o L § a
Start a.t -3, Make one Jump. " Land? " [9] e B -
- (D1gress1on r —3 X -3 if necessary ) ‘,

K4

‘. -‘étart somewhere, make a Jump and land on 100 Where d1d you start?‘

e " '[10] Could Fou have started somewhe,re else and la’hded on 190? | _[Yes]”,_ _'
I so; whereP | [--10] ’ R

Start som’ewhere, make one jump and lanj} on --.16. Where did }you

start? [Impos sible]

(D1gress10n for checking" 4 and -4 1f necessary.)

} ch start1ng number will gwe a longer Jump, 4,382 6r -4,382 ?.
= 4 38 ] Why? [ (4, 382) - ( 4,382) > - (4, 382) - (4,382) ]
Notice that:all Jumps 80 far have gone to the rlght Where can we

«

‘' start to go-to- the left? [Between 0 and 1] ‘ If no ideas:  Syppose sqmeone
o hsa1d that there was a negat1ve starting number that would give Jump to-
| the left. How would you prove that he was wrong? -[If D -0.' '-then'- Dz >.0
and so _EJ >0 .] Suppose someone sa1d that there was a number around |
100 that would give a jump to the left. How would you prove;that he was
wrong? | [Starting numbers around 100 would give 1and1ng numbers around '
l().OZ or 10,000 , . This i#¥going to the right,]  If still no ideas on'jump:s’: ’
'te thv left: - Is there a place you can start so that-the jump.is, ne1ther to
the right nor to the left? [’0 and 1 ] Where could you start to get a
« very short jymp? -' [Close to 0 and close to’l] Try some-—e g 10

-

) t - 9 1 1 1" 81 . .21 ..
SARSTE 10 , 110 [gettmg 100 * T00 * 100 * 1960 res_pe_ctivelyl. |
. .‘ 'Whl(‘h ones go to the left? [Th_e_ .jur,n_ps:from' -L,le- and 'I% .1 Hd\’l 10}‘8 R
E a‘re thesé jumps? [ 9_ 13 and i resp‘ectivialy]. o
' thepe jun 400 " 100 * 00 *7€ To0. %P . v
. - P : . b,

t




. . . . . - [ ' ‘ .
£ : — . : . A — .

SAMPLE Hr contmued

Ot 411 the Jump‘B that RO to the rlght‘,, whlch ig- longest? - [Therg is'none.]

'.'.' | _- R M AL _.”' o o w " rlgh.t. - " ~ " shortest? _'[Th-e_i{g-(._ivs_.'noné.']‘;."

: . ) ’ . ) i‘l_ . o .- . 1 .

) oo " ' i} neoon tnoon (A 9. - . S .
S o S . L , le_flt . _?”.' A: n_n‘long&s‘,t‘.“ | [Sta«;‘t. 3 ] |
. - P r " .'1:- I‘v LTS St left oou i l.l‘: shortest? E [ Th‘ereis h_One--] .
I What makes you thmk startlng at 3 gives th’e'_lon'gest jump to the left? ' '.
< . ' -Various answers. could be 'gi-ven You may fma a proof d1ff1cu1t, but
B : the anq’wer nught be Justlfled w1th varying gdegrees of rlgor as follows

.A :' ' ’ ' :.d | ) . \‘ 3 . 3. | |
S §) 5 is right in the middlg between 0.and 1. » '

L 9« . . ' ‘ : 1l - 99 \ -
. } _ : —— A :
. 4) JTo and T 75 gave jumps of same length:. o will 100 and 109,

¥

i s 6 1o oo
E and 30 lO a_nd 0’ etc.,. The close _YOu .g.et”t(..) > thg blgggr_ _
| RO

- the- ]umps gct ) l will give biggest jump,

.4 . . ‘ AL N
3)  The jumpg from’ —4-1 and =R are shorter than the one from 1 B
| o 100 100 . _ m 2o
. 4)- If we put any number which is close to zero (eithef pos. or neg.) in- A, .
< B - N . X o l = “ l : 2 / ' l z o .
. ~ . then the rule takes (*2- + AN) “to (—2- + A)Y for T + 40+ A%, The ,.

e length of this jump is >t A~ (z_+. JAY +L\ ) or 1" Az- . - Since -
'. 2 l 4 l ) . B 'l . . - . ..
- N < 1 But the jump frorn%Z is of length 1" - Therefore,

- isllong.e'r than any. other s?tarting.betweg:'n 0 and 1 since -

any number in A as long as ".}_lf <A <_% S

. . . :
. 13 . . n . ; . . .
. .
\




‘SAM‘PLE H..‘continued )’ } ¢

5) - Here is exactly the same argument as in 4) above, in different

..v.' (hnd more) words. o IR _' ' — et
. G . N

‘Consider the Ju/mp‘.starting at 4 We land on*l Y 80, the length of the
' s - ) .8 ’ .

. . ) ’

2 I 2P 44:" . ]

T jump is
- jump is

. L R Y . . \
'.\\ ’ . . . .

X

-

2

.. We want to know -ﬁovy the léngth'of the jump changes if we stalrt' "

‘a little pit above or below 1 . . .So'wé think of starting at 2 + A',. where

o | L 2.
© e .o.' K . '. . - J - ;
. v . S ' 4}

For the rest of this discussion we will nat put 0 in A because we already

know what happens when we start at E + 0, ot — ., o

.« : . ‘ . . : l . ) R . ) »
We ?ow have a jur_{ll)_sta{ting at -2- + A, This lands at (% + A)z
Whi_Ch.. when y(;u-mlgltiply it out, is 711' 4+ A+ A% - The length i

r ' v

~of this jump is the difference between starting point an&',landing point,

/ Thus the 'léngth is

--N|,_=
o+
>
1
I

¥
!
>
% -

We kn(.)wit“:hat /w\z >0 no me}ttér what v&g put in A , (Remember we are

. &

| % L o
s\ not puttmg 0 in A ) Also we kno%tha‘t A \ must be less than A , be-
'cause the ‘only numbers we are putting in A are those such tl’atl

A< T
<A z

c N | e ‘

<
.

Starting anywhere else where the Jumpes. go to-the left i, e; ) starting anywhere

between 0 and 1 (other than at % itself, of course) o : ..6- . ‘.‘_‘

. ’ .

we can put positive or negative numbers (between ~= and =) in the wedge.

[

[}




EE—H, continued— —
R T o | o 2 /-
So 'A” is above <0 but is less tham*:j % This makes the length, i AT,
o ) ) . -.\ L » ‘o .- . : S .. R . ' ’ . _. ’
~always come.out less than Z . So.all the jumps starting above or below .
[ : 2 5o . . . e ) ."“" . - . N :

L N ’ ’ ' ’ - . . o o - | | . f
' -}}- in (his regiod-between 0 and 1 have lengths of less than ;II‘ . ’I‘hus it

L}
v

-7 mugt be that the jump 'sta;rting.g}f 'él' , which we have already-found _t(S_ have

'a length of :ll- ., 1s longer than any of the others, And sjnce this is the only

A)

A . . - .

.- region where there are jumps to the left, the jump from 4 is the longest o

2

§
jump to the left, | D ' S
[ ) R .. . _ -. - . . ) .
¢ V
4
' ¢
i |
‘.;.‘,l
\ AN
A
SR
o ’




